Abstract. Every nilpotent group of class at most two may be embedded in a central extension of abelian groups with bilinear cocycle. The embedding is shown to depend only on the base group. Some re nements are obtained by considering the cohomological situation explicitly.
The main result of this paper is that every nilpotent group of class at most two may be embedded into a central extension of abelian groups, in which the associated cocycle is bilinear (de nitions are recalled in Section 1). The result is related to a paper of N.J.S. Hughes In the rst section we will recall the basic de nitions relating to central extensions and the second cohomology group of two abelian groups. We will also introduce the notion of a twisted product of abelian groups, to be used later. In the second section we establish our main result and discuss some examples. In the third and nal section we cast the main theorem into a cohomological setting to gain more information about the embedding we construct in Section 2 It is my very great pleasure to express my deep gratitude and indebtedness to Prof. George M. Bergman, for his ever ready advice and encouragement throughout the preparation of this paper.
Section 1. Preliminaries and notation
We will denote the identity element of a group G by e G if G is written multiplicatively, and by 0 G if it is written additively; we will omit the subscript if it is clear from context. Given a group G and elements x; y 2 G, x; y] denotes their commutator; that is x; y] = x ?1 y ?1 xy:
Given two subgroups U and V of G, U; V ] denotes the subgroup of G generated by all elements u; v], where u 2 U and v 2 V .
For general notation and a more complete treatment of the extension problem, we direct the reader to 3], Chapter 7. We will also omit proofs and direct the reader to Rotman's text for them. Let
?! B i
?! G ?! A?! 1 be a central extension (so that B Z(G)) of groups with B and A, both abelian. It will be convenient (and the formulas clearer) if the product in G (and hence in B) is written additively, and the product in A multiplicatively, although in general G may be nonabelian.
Recall that a factor set (or cocycle) is a map : A A ! B that satis es the identities:
(1:1) 8 x; y 2 A; (e; y) = (x; e) = 0
(1:2) The cocycle identity holds for every x, y, and z in A: (x; y) + (xy; z) = (y; z) + (x; yz):
Any central extension determines a factor set , once a transversal`: A ! G with`(e) = 0 and `= id A has been chosen, by letting (x; y) be the element of B such that (x) +`(y) =`(xy) + (x; y):
Note that`need not be (and in general will not be) a group morphism.
Conversely any factor set satisfying ( by taking the class of the factor set : C C ! B to the factor set ( given by i(1) = p (we are viewing Z=aZ as the integers modulo a, so it has the class of 1 as a distinguished generator; also note that we are writing all groups additively in this example).
As a transversal`: Z=pZ! Z=p 2 Z, we can take the map`(x) = x for 0 x < p. Then, the associated factor set must satisfỳ (x) +`(y) =`(x + y) + (x; y) for every 0 x; y < p. 2 (x; x) = (0; 0) contradicting our assumption that such a twisted product is isomorphic to Z=p 2 Z. So is not cohomologous to a bilinear map.
Section 2. Central extensions and twisted products
We are now ready to describe our result. Let A and B be two abelian groups, and let G be a central extension of B by A, with transversal`and factor set . We will show This will imply that the twisted product G 0 realizes the factor set ' ( ). That is, that ' ( ) is cohomologous to the bilinear factor associated to the twisted product G 0 . In fact, the group L may be taken to depend only on B, and not on the group A or the factor set . In other words, given an abelian group B there exists an abelian group L and an embedding ': B ! L such that for all abelian groups A, the induced map Proof: Let x; y 2 G. Then we must have (x; f(x)) (y; f(y)) = (x y; f(x) + f(y) + (x; y)) = (x + y; f(x + y)) so condition (2.12) is both necessary and su cient. Assuming we already have condition (2.12), we want to know when ' is injective. Clearly, if x and y are not congruent modulo B, then x 6 = y in A, so '(x) 6 = '(y) is guaranteed.
So it is both necessary and su cient to require that f be an injective set map on B. Since B lies in both the kernel on the right and on the left of , this condition is equivalent to asking that fj B be an injective group morphism, giving condition (2.13). 
Then f W is an extension of f U and f V , and satis es (2.12) (with x and y ranging over W ).
Proof: Note that since G; G] B, and B lies in both the kernel on the right and the kernel on the left of , it follows that U; V ] also lies in both the kernel on the right and kernel on the left of .
We need to check that f W is well de ned, that it indeed extends both f U and f V , and that it satis es (2.12). Proof: We want to apply Lemma 2.17, so we let H play the role of U and the cyclic group generated by g play the role of V . f U will simply be our given f , and we need to de ne f V . Let I = fa 2 Z + j ag 2 Ug. We have two cases. Case 1. I = ;. Note in particular that in this case, g cannot be a torsion element of G.
We de ne f V (g) = 0 and, extend to every power of g using the formula in Remark 2.14. Then Lemma 2.17 gives us an extension of f to all of K .
Case 2. I 6 = ;. Let n 0 = minfn 2 Ig. Then U \ V = hn 0 gi. Using Remark 2.14, we know that whatever we de ne f V (g) to be, it must satisfy f V (n 0 g) = n 0 f V (g) + n 0 2 (g; g):
However, n 0 g 2 U , so f V (n 0 g) = f U (n 0 g). Solving for f V (g), we see that f V (g) must satisfy n 0 f V (g) = f U (n 0 g) ? n 0 2 (g; g); so we de ne f V (g) = 1 n 0 f U (n 0 g) ? n 0 2 (g; g) where by 1 n ( ) we mean any n-th root, chosen now once and for all. Then we extend f V to all of V using the formula in Remark 2.14. We need to verify that this is well de ned if g is a torsion element, and that it agrees with f U on U \ V .
First, suppose that g is a torsion element. By de nition of n 0 , it follows that the order of g is a multiple of n 0 , say k 0 n 0 . We want to verify that for every a 2 Z, = kf U (n 0 g) + k 2 n 2 0 (g; g) = kf U (n 0 g) + k 2 (n 0 g; n 0 g) = f U (k(n 0 g)) = f U ((n 0 k)g) so f U j U\V = f V j V \U . Applying Lemma 2.17, we get an extension of f to all of K . Proof: For the moment assume L given. We will consider the set of pairs (H; f H ), where H is a subgroup of G containing B, and f H : H ! L is a set function satisfying (2.12), (2.13), and (2.16). We partially order the set by inclusion on the rst coordinate, and \extension" on the second. i.e. (H; f H ) (H 0 ; f 0 H ) i H H 0 and f H 0j H = f H . We need to verify that there is an L for which this set of pairs is non-empty. For that, it su ces to show that there exists an abelian group L, a bilinear map : A A ! L, and a set map f: B ! L satisfying (2.13) and (2.16) (for x; y 2 B, (2.12) follows from (2.13)).
To establish the existence of L, we consider the alternating bilinear map (x; y) = x; y].
Then Remark 2.6 shows that there is an abelian group C , an embedding i B : B ! C , and a bilinear map : A A ! C satisfying (x; y) ? (y; x) = x; y] for all x and y in G, p . We rst let f = j be de ned only on B, and we want to extend f to all of G. First we extend f to x. Since x p is the smallest positive power of x that lies in B, we choose a p-th root of f(x p ) ? p 2 j ( (x; x)) = 0: The easiest choice to make is f(x) = 0, and we de ne f accordingly. Next we extend f to y; again, the least positive power of y lying in hB; xi is y p , so we choose a p-th root of f(y p ) ? p 2 j ( (y; y)) = 0; so again we make the easiest choice and de ne f(y) = 0.
Finally, we extend f to z. Here we have that the least power of z which lies in hB; x; yi is z p , so we pick a p-th root of f(z p ) ? p 2 j ( (z; z)) = f(z p ) = f( x; y]) = 1 p :
So we de ne f(z) = 1 p 2 , and extend to all of G using the formula in Remark 2.14.
The map : G ! G ab j L given by (g) = (g; f(g)) is the desired inclusion of G into a twisted product. , and extend to all of G using the formula in Remark 2.14. The map we obtain, ': Z=p 2 Z! Z=pZ Q=Z is given by '(1) = 1; 1 p 2 : Note that this embedds G into the second coordinate, and that the rst coordinated of the twisted product provides no new information; also note that in fact Z=pZ Q=Z = Z=pZ Z=Z: Remark 2.24. In Theorem 2.20, we use the divisibility of L to obtain the map : C ! L.
It is also needed, implicitly, to extend f using Theorem 2.18. It is possible to relax the divisibility requirement given a speci c group A; but then we lose independence from A. For example, as noted in Remark 2.19, if A has exponent k then we do not need the full divisibility of L to apply Theorem 2.18. To bypass the use of divisibility of L in Theorem 2.20, we proceed as follows: instead of using a divisible group containing B, we use a group containing the universal object C , and which has all the necessary roots to make the argument work; thus, for example, if as above A has exponent k, then we let L be any group containing C and having all k-th roots. However, this process makes L depend not only on B and A, but also on G (since L depends now on C , which in turn depends on the commutator mapping, and hence on G). 
Section 3. Cohomologically speaking
The language of Cohomology of Groups is probably the best one to express the result of Section 2. It will also yield further re nements and information about the given construction. 
